Abstract-This paper explores the use of physical basis functions as an efficient and insightful sparse expansion for representing the electromagnetic scattering from large finite targets. Such an expansion is central to applying compressed sensing techniques. The closed-form physical optics solution for scattering from an arbitrary flat plate is used to extract the physical basis functions related to scattering mechanisms of edge and corner diffraction, and specular reflection. Orthogonal matching pursuits is applied to find the coefficients of the sparse expansion from the calculated scattered fields of a plate as a function of frequency and angle. Convergence is demonstrated as a function of the number of basis functions and compressed sensing samples.
INTRODUCTION
Radar images are created from measurements of the electromagnetic (EM) field scattered from an object or scene of interest. The scattered field comprises the radar signature as a function of frequency and aspect angle. High-resolution images of electrically large targets require a tremendous amount of data to be measured, stored and processed [1] . A sparse representation of this data with physical basis functions allows the data to be efficiently compressed and reconstructed using a small number of non-zero coefficients that can theoretically be obtained from far fewer measurements.
For electrically large objects, the physical optics (PO) approximation to the scattered electromagnetic field shows that the scattered field can be expanded as the sum of individual scattering centers [2] [3] [4] . In general, a signal is considered compressible or sparse if it can be represented by basis functions where , and is the dimension of the signal. Compressed sensing provides an efficient method to acquire the sparse representation with only measurements where [5] . Often the number of measurements needed can be less than the Nyquist criteria would dictate. Radar signals (scattered EM fields) are often compressible in a basis of point scattering functions (scattering centers), allowing compressed sensing methods to be used to extract the coefficients [6] .
In this paper we examine the use of point-wise physical scattering functions as a sparse basis for the expansion of radar signatures. We define physical basis functions as functions with the same or similar frequency and angular dependencies as the localized scattering mechanisms of the analytic PO scattered field solution for canonical PEC (perfect electrical conductor) objects. Each type of physical basis function is associated with an observed physical scattering mechanism, such as reflection, edge diffraction and corner diffraction. Once the sparse basis for the scattered field is defined, one can apply compressed sensing to obtain the coefficients of the expansion with the fewest measurement samples. Here we use the PO solution for the scattering from PEC flat plates to demonstrate the use and effectiveness of physical basis functions as a sparse basis. Convergence is verified in terms of the mean-square error as the number of basis functions and measured samples are increased.
PHYSICAL OPTICS SCATTERING FROM A PLATE
PO is a good approximation in the far field when the target is electrically large and the angle of the incident field is not too far from broadside. In the far-field, the electric field due to a surface current density is
where 2 , frequency, permittivity, and permeability of the background medium. A plane wave incident on a PEC surface induces the surface current. If is the vector wave number of the plane wave and is the unit vector normal to the plane surface, the far-field PO backscatter from a PEC surface is
where is the vector amplitude of the plane wave. The integral may be evaluated in closed form for polygonal and circular flat plates as given below.
A. Rectangular PEC Plate
The PO far-field scattering from a rectangular flat PEC plate, as shown in Figure 1 , can be written in terms of the sum of the EM fields of scattering centers at the four vertices [7] . Using the projection of the unit vector onto the plane of the plate, ·
and defining the vector ∆ , the scattering from a rectangular plate with edges of lengths a and b is
The general form of the scattered signal from a single scattering center at is given by
These will show up as point-wise bright spots in a radar image or downrange profile. Inspecting (4), the backscattered field from the plate appears as a sum of the fields from four individual scattering centers. The slowly varying amplitude function depends on frequency, angle of incidence, the normal to the plate, and the vectors along the edges of the plate. Note that the frequency dependence of the amplitude in (4) is simply 1/k which is characteristic of corner diffraction in the geometric theory of diffraction (GTD) [3] .
In general, the scattering centers for the rectangular plate are located at the vertices of the plate, but there are two special cases when the scattering centers merge. If the angle of incidence is perpendicular to one of the edges of the plate, the amplitude function in (4) appears to become singular. However, the singularity is canceled by rewriting (4) as,
Now there are two apparent scattering centers located halfway between the vertices. Note that there is now no frequency dependence in the amplitude function, which is characteristic of the broadside scattering from a finite straight edge.
The other special case is when the angle of incidence is normal, or broadside, to the surface of the plate. In this case, (2) can be easily evaluated and the integral reduces to 2 4
The frequency dependence is now proportional to as is typical of specular scattering. Figure 2 shows the downrange profile (time domain response) of a 0.2m square plate using X-band frequency domain data for one aspect angle. The plate is tilted such that all four corners show up as peaks in the downrange according to (4) .
B. Circular PEC Plate
Similarly, the solution for the backscattered field from a circular PEC plate takes the form of two scattering centers located on the radius of the plate. If and are points on opposite edges of the plate in the plane of incidence, the scattered electric field is
Note the frequency dependence of 1/√ which is characteristic of curved edge diffraction [2] . For a circular plate, is always normal to an edge at two points, except when the plane wave is incident normal to the plate. At The frequency dependence is again proportional to .
PHYSICAL BASIS FUNCTIONS
Based on these closed-form PO solutions for the scattering from plates, we recognize at least four different physical scattering mechanisms present in scattering from this class of objects: corner diffraction, straight and curved edge diffraction, and specular reflection. Each has a different frequency dependency in the amplitude term. For backscatter, polygonal plates always have corner diffraction, but only have edge diffraction when the incident angle is normal to an edge. For circular plates the incident angle is always normal to an edge at two points. Specular reflection is only present in backscatter when the angle of incidence is normal, or broadside, to the plate.
Based on the PO solutions for scattered electromagnetic fields, we expect that the scattered field may be sparse or compressible in some basis comprised of physical basis functions. We expand the measured signal (e.g., co-polarized backscattered field) as a function of the vector wave number
is the sparse representation of the measured signal and are the unknown complex coefficients of the expansion. We propose using physical basis functions that have frequency and aspect angle dependence similar to the PO scattering solutions for PEC plates. The simplest basis functions are point scatter functions located at , the assumed vector position of the scattering center. The physical basis functions for the amplitude that we consider for the sparse basis are listed in Table I. Notice from the fifth entry in Table I that we may combine the frequency-dependent physical basis functions using the additional unknown coefficients a p , b p and c p . In fact, the combined function may be considered a generalization of the individual physical basis functions. This is needed for transition regions where the aspect angle is not quite broadside to the plate or an edge. In that case more than one type of frequency dependence can be present [2] .
Also notice that the last entry in the table combines the frequency-dependent functions with a polynomial in angle with coefficients d p and g p . Referring to (3) and (4) it is seen that the angular dependence of the PO solution is not simple. Therefore we use a low-order polynomial to describe the angular dependence over a narrow range of angles. So, in general there may be up to 5 additional unknown coefficients besides x p to use (10). As will be seen in the results section, these combined basis functions have a very significant effect on compression efficiency. 
C. Basis Function Coefficients
Once a dictionary of basis functions is selected, we use Orthogonal Matching Pursuits (OMP) [8] , [9] , to find the coefficients of the basis functions in the sparse basis. OMP iteratively selects the basis function that best correlates to the signal and adds it to the list of selected basis functions. The dictionary of basis functions contains an over-sampled set of point scattering centers located at which are each tested. These points may correspond to downrange bins or pixel points in the image domain, for example, and are related to the resolution of the system. At each iteration the coefficients of the basis functions are solved using the method of least squares to minimize the total residual error.
1) Mean Squared Error
We use the normalized mean square error (MSE) to compare the sparse basis created from physical basis functions. The discrete measured or calculated data is contained in the column vector and the data reconstructed from the sparse basis is in the vector corresponding to (10). The MSE is defined as
where denotes the L 2 norm of vector . We seek the set of K basis functions that results in the smallest MSE for a given set of data. The absolute error is calculated using the full data set; the relative error is sometimes used when the full data set is not available. The relative error is calculated with respect to the data constructed from the previous set of samples:
2) Grid Mismatch A key to obtaining the lowest MSE is finding the precise locations of the true scattering centers from the grid of locations used in the dictionary of basis functions. If the true location is not on the grid ( ) the MSE will be very slowly convergent as K is increased in (10). The grid mismatch error can be reduced by increasing the density of points in the grid thereby reducing the distance between the grid points. The result of increasing the number of points in the grid for a single scattering center off the grid is illustrated in Figure 3 . Clearly, grid density has a major impact on error convergence, but a finer grid is very computationally expensive. A more efficient method of reducing the error due to grid mismatch is to implement an adaptive search algorithm to find the precise locations of the largest scattering centers, starting with a coarser grid of points . After finding the approximate peak using the coarse grid, the grid is subdivided around the first coarse peak and space around the first coarse peak is resampled at a higher sampling rate. The coarse grid used for the examples in this paper is 16 by 16 and the grid spacing is refined four times. The locations of the four highest image peaks are added to the grids. Unless otherwise noted, a refined peak search is used in the examples in this paper. The result of using a peak search algorithm for a single scattering center off the grid is shown in Figure 4 .
RESULTS
To demonstrate the effect of the physical basis functions in the sparse expansion for backscattered fields, we compute the MSE vs. the number of basis functions for each type of physical basis function for the rectangular and circular PEC plates. The backscattered field is calculated using the closed form PO solutions given by (4) for the rectangular plate or (8) for the circular plate. A very wide frequency band is chosen from 2 to 18 GHz, and the aspect angle varies from -5° to +5°. Both plates are tilted 30° in and 20° in . We will discuss the individual frequency-dependent basis functions of Table I first, followed by the results for the combined physical basis functions with and without aspect angle dependence. Figure 5 plots the MSE vs. K (number of basis functions) for a 0.2m square plate. According to the analytic solution of (4), we expect the physical basis functions with k -1 frequency dependence to provide lower MSE than the other three types as is observed. It is also seen that the MSE drops very quickly for the first four k -1 basis functions as the four corner scattering centers are assimilated. After that the convergence is relatively slow for all types of basis functions because the angular dependence is not included.
Similarly, Figure 6 shows the MSE for a 0.1m radius circular plate. As expected from (8), the set of physical basis functions with the k -1/2 dependence provides the lowest MSE of the four types. Here the MSE drops very quickly for the first two k -1/2 basis functions, but is slowly convergent as more basis functions are added. These examples show that when the data is over a fairly wide bandwidth and aspect angle, the MSE does drop fastest when the physical basis function type that corresponds to the active scattering mechanism is used. Figure 7 and Figure 8 compare the over-complete (OC) and combined physical basis functions (CPBFs) with and without the polynomial in aspect angle for the rectangular plate and circular plate, respectively. The OC basis comprises all four of the individual physical bases. The CPBFs have the frequency dependence of all four scattering mechanisms, but they share the same location, as shown in Table I . The same OC or CPBFs can be used for both the rectangular and circular plates. The combined physical basis functions provide drastically improved convergence for a wide range of target orientations and result in a very low MSE. However, To demonstrate the use of a sparse basis to compress a signal, we calculated the scattering from a rectangular PEC plate from 2 to 18 GHz at a single aspect angle. A Nyquist sampling rate requires 64 uniformly spaced frequency samples to properly calculate the downrange profile in this case. For a physical basis with 4, Figure 11 and Figure 12 show the absolute and relative error in the compressed signal for two different sets of randomly selected frequencies. The error is plotted as a function of the number of frequency samples used to find the coefficients of the basis. The minimum error is reached after approximately 22 samples in both cases, but in the trial represented in Figure 11 the error increases again for several iterations before settling back to the minimum. The result for random sampling varies slightly because the specific frequencies selected in one trial may be different from the next trial. Figure 13 plots the downrange profiles from the compressed data for 24 randomly sampled frequencies and for 64 uniformly sampled frequencies.
CONCLUSIONS
The closed-form analytic solutions for the backscatter from flat plates have been applied to extract physical basis functions that may be used in a sparse expansion for the backscattered fields of an unknown target. The physical basis functions yield low MSE and provide insight into scattering mechanisms, assuming that the effect of grid mismatch is circumvented. We have shown that combined physical basis functions provide at least an order of magnitude reduction in the MSE regardless of which scattering mechanism is present, although more coefficients may be required. Compressive sensing may be applied to obtain the coefficients of the expansion without measuring the full data set, and convergence has been demonstrated by monitoring the relative error as more samples are added. Figure 13 Downrange profile from compressed data using four coefficients ( 4 in the basis; Nyquist rate required is 64 frequency samples. 
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